Abstract. Given a nonnegative integer m and a finite collection A of linear forms on Q d , the arrangement of affine hyperplanes in Q d defined by the equations α(x) = k for α ∈ A and integers k ∈ [−m, m] is denoted by A m . It is proved that the coefficients of the characteristic polynomial of A m are quasi-polynomials in m and that they satisfy a simple combinatorial reciprocity law.
Introduction
Let V be a d-dimensional vector space over the field Q of rational numbers and A be a finite collection of linear forms on V which spans the dual vector space V * . We denote by A m the essential arrangement of affine hyperplanes in V defined by the equations α(x) = k for α ∈ A and integers k ∈ [−m, m] (we refer to [9, 13] for background on hyperplane arrangements). Thus A 0 consists of the linear hyperplanes which are the kernels of the forms in A and A m is a deformation of A 0 , in the sense of [1, 10] .
The characteristic polynomial [ [8] ).
We will be concerned with the behavior of χ A (q, m) as a function of m. Let N := {0, 1, . . . } and recall that a function f : N → R is called a quasi-polynomial with period N if there exist polynomials
The degree of f is the maximum of the degrees of the f i . Our main result is the following theorem. 
In particular we have χ A (q, −1) R is the arrangement of reflecting hyperplanes of a Weyl group, and remarks are discussed in Section 3. In the remainder of this section we give some background on characteristic and Ehrhart (quasi-)polynomials needed in Section 2. We will denote by #S or |S| the cardinality of a finite set S.
Arrangements of Hyperplanes
Let V be a d-dimensional vector space over a field K. An arrangement of hyperplanes in V is a finite collection H of affine subspaces of V of codimension one (we will allow this collection to be a multiset). The intersection poset of H is the set L H = { F : F ⊆ H} of all intersections of subcollections of H, partially ordered by reverse inclusion. It has a unique minimal element 0 = V , corresponding to the subcollection F = ∅. The characteristic polynomial of H is defined by
where µ stands for the Möbius function on L H defined by 
A Combinatorial Reciprocity Theorem for Hyperplane Arrangements
where the sum is over all G ⊆ H with G = ∅.
In the case K = R, the connected components of the space obtained from V by removing the hyperplanes of H are called regions of H. A region is bounded if it is a bounded subset of V with respect to a usual Euclidean metric.
Ehrhart Quasi-Polynomials
A convex polytope P ⊆ R n is said to be a rational or integral polytope if all its vertices have rational or integral coordinates, respectively. If P is rational and P
• is its relative interior, then the functions defined for nonnegative integers m by the formulas 
The function i(P, m) is called the
Proof of Theorem 1.1 and Corollary 1.2 Using formula (1.3), we get
where the sum is over all G ⊆ A m with G = ∅. Clearly for this to happen G must contain at most one hyperplane of the form α(x) = k for each α ∈ A. In other words we must have G = 
Let us write F = {α 1 , α 2 , . . . , α n } and b i = b αi , so that b can be identified with a column vector in Q n . Then F b is nonempty if and only if the linear system
where
is the Ehrhart quasi-polynomial of P F . From the above we conclude that
Equivalently we have It remains to prove the reciprocity relation (1.2). For F ⊆ A with #F = n let W F be the real linear subspace ImT F ⊗ Q R of R n , so that 
Corollary 2.1 The coefficient of the leading term m d in r A (m) is equal to the expression
where P F is as in the proof of Theorem 1.1 and
The coefficient of the leading term m d in r A (m) can also be described as the limit lim m→∞ r A (m)/m d .
Examples and Remarks
In this section we list a few examples, questions, and remarks. It was suggested in [6, Remark 12.5 ] that this equality, first observed in [6, (2.12) ], may be an instance of Ehrhart reciprocity. This was confirmed in [3, Section 7] using an approach which is different from the one followed in this paper. Finally we note that Corollary 2.1 specializes to the curious identity
where in the sum on the right hand-side F runs through all subsets {α 1 , α 2 , . . . , 
where in the sum on the right hand-side G runs through all connected simple graphs on the vertex set {1, 2, . . . 
